L/D , the maximum amount of current that can be stably passed through the tube is greater than that predicted by either asymptotic theory.
The fields (or potential) in the infinite diode and the infinite drift tube vary along only one coordinate; the fields in the present models vary both radially and axially. The motion of the electron or ion stream, however, is constrained to the axial direction by a strong axial mag netic field, so that the current density is constant along the direction of motion.
Limiting current in this time-independent type of analysis is established in a special way. Solutions with unidirectional flow for which V(r) > 0 are found for currents increasing from zero. Such solutions cannot be found beyond a certain value of current, and this value is called the limiting current. Energy relations and small sig nal stability at this "limiting" value have been discussed by Bridges 9 and Birdsall . Beyond this value of current, only solutions with bi directional flow are expected. A time-dependent solution that would show time growth leading to large amplitude oscillations beyond limit - 9 ing current is only implied and is not presented here.
In Part I, several finite diameter stream cross-sections in a diode are analyzed, and the results checked against experiment.
In Part II, the effect of adding side walls (making a planar drift tube with ends ) is found and the results related to both the diode and infinite-drift-tube solutions.
PART I. FINITE DIAMETER STREAM IN AN INFINITE DIODET
he model for this analysis is a cylindrical stream flowing normal to the electrodes shown in Fig. 1 . A variety of radial dis tributions of current density, including hollow streams and streams with no definite boundary, is allowed; in the latter, b is to be interpreted as a "characteristic" radius. In the configuration shown, electric fields exist outside as well as inside the stream. Some of the field lines from charges located near the center of the region (z = a/2) terminate on the electrodes at points outside the stream; charges located near an electrode thus "see" less electric field produced by charges near the center than if the stream were infinitely broad. A given current density thus produces less spacecharge depression of potential, and the current density necessary to produce limiting is thereby increased.
A.
Method of Solution
The problem is to integrate Poisson's equation for the poten tial V(r, z) in two dimensions, V2V(r,z)= -p(r,z)/6 .
o The charge density p (r, z ) is related to the current and velocity by i( r, z ) = p ( r, z) v ( r,z ) .
We use the time-independent, zero-temperature equation of motion -3-for a single-valued velocity, 1/2 mv2 = -eV .
In the infinitely broad diode or the infinitely long drift tube, potential depends on only one coordinate and closed-form solutions can be obtained. With two-coordinate dependence, no closed-form solutions have been found. An approximate solution using a Fourier-Bessel expansion is given in this Part for the diode; a second method is used in Part II with the drift tube.
For the diode, we write the potential V(r,z) and the charge density p ( r, z ) as expansions in suitable functions. The current density i is assumed to be independent of z, for example, due to a strong axial magnetic field; several simple forms are later assumed for the radial distribution of the current. The potential is written as The charge density is expanded in a similar series 
The potential can then be written in terms of the charge density as Pm(k) = F I I P(r',z') sin (£^-) Jq (kr1) r'dr'dz'.
00 a co 00 V(r,z) = Vq+ 2 f[ _^_ P P p(r',z') sin (m^)Jo(kr')r'dr'dz'] m~0°^0^0 . { (™)2 + k2}"1 J (kr)kdk sin (BZi) .
The second equation that the potential and charge density must satisfy is Eq. (2). Eqs. (2) and (9) 
we have two simultaneous single-variable equations to be solved,
\ (miT) wQ
This pair of equations was solved iteratively using a digital computer.
Asa first guess, to start the iterations, the normalized charge density was assumed constant (\&" (£,) = 1) and the resulting potential calculated from (19) . This potential was used to determine a new charge density distribution from (20), and this charge density was in turn used to calculate a new potential from (19) , and so on, converging to a sufficiently accurate solution for the potential at the particular value of current, a . The largest value of a for which convergence can be obtained is thus the limiting current. This maximum value was deter mined by increasing a after each convergence (using the solution for An interesting and compact approximate solution can be found for (19) and (20) 
This expression is shown as the solid line in Fig to compare correctly the effect of the nonuniformity, the same total current is required for this case as for that of the uniform distribution:
hich requires, with the definition c/b = \,
The nonuniform distribution to be compared to the uniform-current case is then 1 + A 0 < cr < X.
The range of the parameter A is 1 \Z
with these extreme cases illustrated in Fig. 5 . The factor R (p , cr)°m *r for this distribution is
No iterative computations were made for this type of distribution; the same simplifing assumptions as applied to the uniform stream, how ever, yield an expression for the approximate increase in limiting current:
Eq, (28) with a smaller diameter-to-length ratio, the limiting current density is expected to increase rather than decrease as shown; the difficulty lies in the requirement that both streams carry the same total current 2 in an area tt b . Despite these difficulties, Fig. 2 does show the direction of the change in the limiting current for streams with some nonuniformity, and it demonstrates that in thin streams the correction due to nonuniformity is small.
Rectangular Strip Beam
The same method of approximate solution as that applied above can be applied to a strip beam of thickness 2 h and length a, illustrated in Fig. 6 . The stream is uniform (irnplyiag infinite) in the y direction. In this case, a Fourier series-Fourier integral expansion is used. The resulting equation for potential is the same as Eq. (13) with the first term in parentheses, now R (p , £ ) , given by
The normalization is -- likely that pulsed currents would cause "premature" limiting because of the lack of equilibrium conditions. Such effects are discussed by 9 Bridges and Birdsall .
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PART II. STREAM IN A FINITE-LENGTH DRIFT TUBE^t
The model treated in Part II is a sheet stream as shown in Fig.   6 , but with an additional set of parallel planes above and below the stream added to form a closed box, as illustrated in Fig. 1 0 . 
17-
Method of Solution
The basic equations to be solved are as before, written now in the rectangular coordinates x and z. Approximate solutions are again found to be necessary. The technique analogous to that used in Part I would be the expansion of potential and charge density in a double Fourier series. This technique was initially used to solve cer tain cases of the gridded-drift-tube problem, but the two-dimensional array of coefficients required to obtain a sufficiently accurate answer resulted in unreasonably large computer solution time. Instead, a relaxation technique was adopted which greatly shortened the compu tation time.
Introducing the normalization
The equations of motion Eqs. ( 2), ( 3) give the expression for charge density p : cessive over -relaxation , using the charge density at that step. In this 15 method, described in detail by Hornsby , an accelerating factor, which adjusts the amount of over-relaxation, was used to reduce the computing time. A special method for choosing optimum values of thiŝ 16 factor, described by Carre , was used. Asa consequence, the bulk of the computing time was consumed by the major iteration loop (charge density to potential and back again).
The numerical solution for potential was allowed to converge to a maximum difference between successive iterations of 0. 00005 (nor malized). For this problem, it was discovered that larger differences beyond this value, the effect of the side walls began to be noticeable.
It was possible to use any spatial distribution of potential as an initial estimate for each computation. Most calculations were started at low input currents with a uniform-potential estimate; the solution obtained was then used as a first estimate for the next, increased cur rent calculation.
To ascertain whether or not there might be another stable potential distribution in addition to the single-minimum solution found by the sequence described above, two calculations were started with input currents only slightly below the critical value and with poten tial distributions having two and three minima. In each case, the several maxima in the potential distribution disappeared within two or three iterations and the previously found single-minimum solution was ultimately obtained; this solution is thus assumed to be unique.
Bo Computational Results
All results discussed here were obtained for a uniform current distribution across the beam width B at the input grid of the drift tube.
Limiting current as a function of the stream aspect ratio is given in Fig.   11 , normalized to a limiting current in an infinitely broad diode. Also shown is the data from Part I for the sheet stream in a diode ( i. e. , the side walls have been removed to infinity, D >> B). The effect of the tube walls in reducing the space-charge potential depression is apparent; the closer the boundary to the stream edge (i.e. , the lower the value of D/B) , the greater the increase in the limiting current.
As the ratio of beam thickness to length is increased (large B/L ) the side walls play a less important role.
In the opposite limit, where L»D, B, the model approaches 
